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Division Algebras with Cayley-
Dickson Procedure

Let p.q, 7,5 denote the elements of divizion algebra other than the
octonions.

Then the pairs (p,¢g)and (7,.5)with the multiplication rule

(p,@'}(f",.i’) = (p?" — 5. 7q + F’F)
conztitute the elements of a division algebra in higher dimension




The Hurwitz’s theorem

There are only four division algebras

¢ rteal numbers

ab,c.de R

¢ complex numbers
a=(a,Py=a+ib, p=(c,d)=c+id, " =-1
a, el

¢ (uaternions

g=(a,p)y=a+ fi,r={(,0)=yr+4,
ii=ki'=j7=k=ijk=-1
g.reH
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¥ The Hurwitz’s theorem

e oOctonions

iLEt El :i,ﬂ'j :j, ; :k
7
p=(qr)=q+er :sziﬁ?i

ee = —Eﬁ_ + gﬁmek, i, j,k=12,..7
t.'?'{ilﬁ — ';E'{iﬂ-’rlﬁ — ';25435 — ';35315‘."' — t.'?'{iﬁﬁl — ';255?2 — t.'?'{i‘."'l-’r — ]'




Quaternionic Root Systems and F

SU(2):  +10 ; i
2
SO(4) : +1,0)=+1; (041)=+e,
S06): @i ly=Lliite), e
' 2T

Roots of SC(8) :

SO(8) : (SO(5), SO(5)) =

1
= {il,ié’l,iﬂg ,i€3 . E (il T €, T €, T €, )} : Binary tedrahedral group




Quaternionic Root Systems and X

[ERE) [[oo-hS 9@ 9B N =T onited
qUOTE Mmourtsisup : {,st, st, st l+}= N
nothsdstoorsqyd @ N

A=Y Jrerz ()% nsve (Eaiiailgili)ézﬁ
sduoreqyd . @ N




Juaternionic Root Systems and X

Weights of 8-dimensional representations of SO(8):

1 1
V={—(xlte),—(xe, e,
{2( )2( )

1 1
Vz — {E(il T Ez)s E(igz iel)}

1 1
Vz — {E(iliez)sa(iﬂ iez)}

T =20, ®V,®V,) : Dual of T
O=T@T": Binary octahedral group

Roots of F=T®T'/-2




The group Aut(F,)

Define the transformations:
[p.ql: r—¥F=prg, p,qguntquaternions pp=qgg =1

[p.q] : r—¥=pFg
[p.gle SO , [p.gq] € O(4)/ SO(4)

The Weyl group W({F,)of order 1132 :

(7. T[T, 7re[T.7 ®[.77




The group Aut(F,)

Graph automorphism of F can be obtained by the

generator y .

1 1
le»—=({1+e) e <

—(l—e
ﬁ ‘\E( 1)
1 1
EE‘H’E(EE—EJ Ezﬁﬁ(ﬁ'ffﬁ'al
s

Aut(Fy=W{F):y , (:semi-direct product)

Aut(F,)=4[0,0]1®([0,0]'} of order 2304
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The group Aut(F,)

W(SoO)={V,, 18, View VIew,l ey ey e

IMACIMNAL

W(EOE) = {1,V 19,7, 19

V190,11 @

VLV DOV S

VoV

UNAY

VoV,

[V}
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Embedding W (SO(9))in Aut(F,)

[ (SO(9)) can be embedded in W ( F,) triply symmetric way by
permuting €, ., ,e. by cyclic permutation.

A {(SC(9))is the automorphism group of the hyperoctahedron in
4-dimensions of order 384.

W (SO(9)) can be embedded in A ( F, ) six different ways by a
cyclic symmetry C, represented by coset element

[V..¥V.]' =[V¥,.¥,]. In each, one of the hyperoctahedra
V.,i=0+,—12.3 is left invariant.

The Auf(F, )is the largest crystallographic group in 4-dimensions
and has many interesting non-parabolic subgroups.

OV, =8,

12
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Ay Cs F4
A 4, B4, A H
c, | A D, E,
7, | E, E, E,

Table 2. The Magic Square
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Construction of E,root system with quaternions

Define the paining {F,, F,} :

ST =T, §0,T}' =0T | o=

Fubs=vitoV,
V=V, +ob;

V=V, +a¥
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Construction of E,root system with quaternions

The above quatermions represent roots of E, provided
the scalar product

(P.q), =%(pf?+qﬁ) =a+ab replaced by (p,g), =a
g(E)=1+dd

I: Binary icosahedral group representing the root
system of H,.

W(H,)={[II1®[I,1]}

W(H)c W(E,), W(H,)|=14400
W(H,)c W(D,), W(H,) =120
Wi{H,)cWi{4), (H )| =10
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Construction of E,root system with quaternions

Coxeter Element of W(H,)Cc W(E,)

A-M=Z+7 -X -2 -2+ X +1= p(A)g(A)=0

pAy =+l +el+e4+1=0 aexp(imi—g)
m=7131723

pA=A+ol+ct +ci+1=0—> exp(imi—g)
m=1111929 (Coxeter exponents of W(H,))
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Maximal Subgroups of W(H,):

1. Aut(4, @A) oforder 144
2. Aut(H, D H,) oforder 400
3. W(H,DA4) oforder 240
4. Aut(A,) of order 240
3. W(SO@®):C, oforder 376

W(H,) is the symmetry of the molecule . and the
quasicrystals possessing five-fold and three-fold symmetries.

More on this when we discuss polvhedra obtained from 120-
cell and 600-cell invariant under W (#,).
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Octonionic Root System of E,

Cayley-Dickson  procedure with (F, F)Magic
Square =

(T,0)="T, 0,Ty=eT
W)=V rel,. W V)=V, +el, (.V)=V, +e,
240=24+24+64+64+64

240 octonionic roots of £ are closed under multiplication
Imaginary elements of these sets constitute the 126 roots of &,

Automorphism group of 126 roots of & is the Chevalley group
G,(2) of order 12096
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Octonionic Root System of E,

Any octonion 5= H +e¢ H' has a symmetry which preserves the
quaternionic decompositions — { = pHp +e, pH'qg where [p,q]
An element of SC{4)C G..

The finite subgroup of SCX{4) leaving £ root system is a group

of order 192{17):
VRALTVR AR N AT R A SN A T LA AT N A Tl N

One can prove that such a structure can be obtained 63

different ways so that the order of the automorphism group is
192x63=12096.

Maximal subgroups of G,(2) of orders 432,336 and 192(14) are

the automorphism groups of the root systems of the maximal
subalgebras E,, SU(8)and SO(12) & SU(2)respectively.

20



The Group Z,".PSL(7) of order 1344

Automorphism group of the set quaternions

A={te te, te te, te T, e t=ImF, +eF,
Remember W (SO(9)) — O(4)leaves one of the set ¥,
invarniant. The subgroup of W(SO(9))/ Z,in SO(4) of order
192 leaving the structure Im ¥, +e ¥, invariant:

WS Z, = {1 PV DIV V RV VLV S [V

The set Im V¥, = {+e ,+e,,+e,} can be chosen 7 different ways
from the set 4. Therefore the group leaving the octonions
A 18 of order 7x192=1344.

It 18 the non-split extension of the elementary abelian group
Z. by the Klein’s group PSI (7)of order 168.



Maximal Subgroups of Z°.PSL(7)

e The group 192{13), Rep. 7=3+4
e The group 192(14); Rep. 7=1+06

e The group Z,":Z, :Z, of order 168
Rep. 7=7

22



Quaternions and Polyhedra

The umit quaternions gg =1define the unit sphere 5°.

When cut by the hyperplane ¢, = const one obtaing the
sphere S* described by
g +q, +q =1-g, preserved by 0O3) = Z, xSO(3).

The group elements : [p.£p], peS”

The polytope in 4-dimension §3,4,3} =T, Dual of T1s

T =343},

The polytope 600-cell 1s described by the quaternions of
binary 1cosahedral group I = {3,3,5}with 120 vertices.

23




Quaternions and Polyhedra

The conjugacy classes of O=T+T"and the I describe the
ployvhedra in 3- dimension.

e For O the group [p,=p]is the octahedral group with
mversion, peQ.

e For /the group [p.xp] 18 the icosahedral group with
inversion 1somorphic to the Coxeter group H..

e The dual of {3,3,5}18 a polytope called 120-cell with
600 vertices described by umit quatermons. The orbits

of H.1n 120-cell define the polyhedra in 3-dimensions.

24



Quaternions and Polyhedra

I. Orbits of octahedral groupin O=T+T"

q, = i%, the vertices la(ililirl) form a cube

1
g, = T —=, the vertices

ﬁ {_J— J—,_I}fnmaﬂctahedrﬂn

0 ,the vertices {+1,+1,+1} form a octahedron

4

1
(+1,0,+1),

N5

. 1
0 , the vertices (+1,£1,0),—

H=E I 2

form a truncated octahedron.

(0,+1,+1)

25



Quaternions and Polyhedra

IT. Orbits of A, in the polytope 7 = {3,3,5}

g, = i%, the vertices la(il,ﬁ,icr),%({),icr,il),%(ir:r,il,ﬁ)

form a 1cosahedron.

g, = i%, the vertices %(il,iw,ﬂ), %(D,il,ir),la(if,ﬂ,il)
form a icosahedron.
g, = % the vertices —(+1 +1,£1),

la(if,icr,{]) ,E(D,if,iﬂ‘),%(iﬂ‘,ﬂ,if)fﬂl"ﬂl a dodecahedron.

g, =0 ,the vertices {£1,+.+, %("‘D‘,i?,i),

la(il,ic:r,if), %(i?,il,ir:r)} form a

icosidodecahedron with 30 vertices. 26
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¥ Quaternions and Polyhedra

I11.120-cell {3,3.3}with 600 vertices

The vertices of {5,3,3}can be constructed from the 24 vertices of
by

(5331=SS@®pTY pcl p' =+,
i) gl

24x25=600

H. has 15 orbits in {5,3,3}

27
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=¥ Quaternions and Polyhedra

L7 gjf l

Y eyelicperm.,
}a/_

(14141
}JE( )

Dodecahedron with 20 vertices:




&’ Quaternions and Polyhedra

2

2. =%
2+/2°
L (0,£1,+2°) + cyclicperm ., (£1,£1,£1)
= LT
ZWE ZHUII{_
Another dodecahedron
T — o
3. =T "
2.2
: (0,x7,20)+ cyclic perm : (£1,x1+1)
2277 T2 T

Another dodecahedron
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= Quaternions and Polyhedra

e

4.q,= £+ Small Rhombicosidodeczhedron

E

L (0,4(z - o)1)+ cyche perm. ; 12 vertices

11

L(ﬂ,ﬂ,ﬁ)-l- cychic perm. ;24 vertices

2”\/5

L(J_rg,ig,ﬁ‘*yrcyc]ic perm. ;24 vertices

21
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Quaternions and Polyhedra

3. q=1—,
q|1 2 ﬁ

;_/E(O,J_rg”,ﬁzyr cychie perm. ; 12 vertices
)

; f Hr- o))t cychic perm. ; 24 vertices
)

ﬁ(ﬂr,ﬂ,ﬁfrcychc perm. ;24 vertices
)

¢ N

it *




Quaternions and Polyhedra

£ 2 [ [costdodecahedron

l(o,o,ﬂ) 6

?‘x/i

1
—(041,0)

h

l
—(t1,0,0),

h

(t14o,47)+ cycelic perm, 24

2*\/_




(0,10,%(r - o)) teyelic perm.: 12

Zﬁ/_

(t1+2,0) +cyche perm. : 24

Zﬁ/_

(trt7,k0”) T cyclic perm.: 24

Zﬁ/_

33
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=Quaternions and Polyhedra

8,
q.] 0,

2“x/_

(0£141) + cyclicperm. 112

(tltr' to') +cychc perm. ;24

Z”x/_

+ cvehic perm.: 24
Zw/_ )T e
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