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Gauge Principle

Maxwell’s Eqns: in vacuum; away from the sources
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Under space reflection
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Under time reversal
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E. B propagate through space as waves with speed of light ¢

i.e. electromagnetic waves are transverse waves; no longitudinal C{}mpoueut
In quantum mechanics, instead of E and B, we deal with vector potential
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propagation vector

angular frequency
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In quantum mechanics, a spin 1/2 particle (electron) 1s described by a wave
function 1 (z) = ¥(F,t) which satisfies the Dirac Eq.:

(iv#8, — m)Y = 0 (5)
Dirac Eqn. remains invariant under a phase transformation
p(z) — e“My()

where A is a constant. However if A is a function of xz, and we still dernand
that it remains invariant, then it is necessary to introduce a vector field A,
(vector boson) which is coupled to a vector current with universal coupling
e. Such a phase transformation is called the local gauge transformation and
the vector boson (quantum of electromagnetic field) associated with the field
A, is a mediator of force whose strength is determined by e.

Clearly the Dirac Egn. or the corresponding Lagrangian density
L = P(2)ir*8,¢(x) — mip(@)p(x) (6)

is not invariant under the local gauge transformation

P(x) — e“tPp(x) (7)



In order that the Lagrangian density L be invariant under the gauge trans-
formation (7), we must introduce a vector field A, (z) satisfying Eq.(4) and
replace in Eq.(6) 9,1 by

Oup(x) — (Op + ieA, )Y (x) = Dyyp(x) (8)

D, 1s called the co-variant derivative. The gauge invariant Lagrangian den-
sity is given by

- =
L = W(z)iy" (0, + ied,)¥(z) — my(z)(x) — EF#UEM

9)
Fpu = apr,Av _ 81;4/"1;;, (10)

[t is easy to see that under the transformation (4), F),, is invariant. Under
the transformations (7) and (4),

Dylw . Eieﬁ.{sﬂjDﬂw (1 1)

so that ¥D,1 is gauge invariant, and so is m. From Eq.(6), we see that
the interaction of matter field ¥ with the electromagnetic field A4, is given
by

Ly = —e.'t,—z‘,lf}'“gbflp = —J¢ A (12)
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where

E??l- Ay quy}rf"w 3 a Jem F = (13)
is the electromagnetic current. We conclude that the gauge principle viz.
the invariance of a fundamental physical law under the gauge transformation
gives correctly the form of interaction of a charged particle with electromag-

netic field. To sum up the consequences of the electromagnetic force as a
gauge force are as follows:

e It is universal viz. any charged particle is coupled with the electromag-
netic field A ,with a universal coupling strength given by e, the electric
charge of fhe particle.

e J£  is conserved.

e The electromagnetic field is a vector field and hence the associated
quantum, the photon, has spin 1,

JE =1

no longitudinal polarization
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o The photon must be massless, since the mass term p*A* 4, is not invari-
ant under the gauge transformation. Thus unbroken gauge symmetry
gives rise to long range force mediated by a massless gauge boson i.e.
photon.

The covariant derivative [, is an operator whose commutator is

D,,D,] = ieF,,
Eu = 3A,~a.4
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